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● Summary and outlook
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● Compute systems are increasingly heterogeneous

One Frontier node (#1 in top500)

8 GPUs

Cross-node 
through 
GPUs
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● Compute systems are increasingly heterogeneous

● Compute systems are increasingly hierarchical
Cheaper 
sync in 

level

More expensive 
memory 

operations

NVIDIA GPU schematic
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● Compute systems are increasingly heterogeneous

● Compute systems are increasingly hierarchical

● Synchronization bottlenecks restrict scalability …

.  .    .

x 128

x 74

 = 9704 nodes
 = 77634 GCDs

Sync across nodes can be 
expensive
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● Compute systems are increasingly heterogeneous

● Compute systems are increasingly hierarchical

● Synchronization bottlenecks restrict scalability

● Fault tolerance can improve robustness
…

.  .    .

x 128

x 74

 = 9704 nodes
 = 77634 GCDs

Node/GCD failure can cause 
significant disruptions  



Pratik Nayak - Probabilistic modeling for asynchronous methods2024.05.27

A typical computational physics workflow
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Study physical 
behaviour on some 

domain

¹Liu et. al, Oct, 2018
²https://amrex-combustion.github.io/ 

Domain (left¹) and simulation (right²)

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

https://amrex-combustion.github.io/
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A typical computational physics workflow
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Non-linear discretization

}

Reaction 
term

Forcing 
term

Equation describing physics

Linearization of the 
non-linear iteration

}

Each step requires a 
solution of a coupled 

linear system of the form

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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A typical computational physics workflow
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Non-linear discretization

}

Reaction 
term

Forcing 
term

Equation describing physics

Linearization of the 
non-linear iteration

}

Each step requires a 
solution of a coupled 

linear system of the form

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Solving linear systems
Direct methods Iterative methods
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● Provide solution in a fixed number of steps 

to required precision

● Computationally more expensive  ~

● Successively approximate solution

● Computationally cheaper, dependent on 

matrix properties  ~

● Efficient when exact solution not necessary

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Conjugate gradient: Operation breakdown
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Initialization

Start iteration

End iteration

Matrix-vector product

Vector update

Convergence 
check

Dot product

Dot product

Vector update

Sparse communication/
synchronization

Dense global 
communication/  
synchronization 

(reduction)

No communication/
synchronization

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Synchronization-free methods
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Don’t explicitly synchronize

● Take latest available data from your neighbor

● Compute on the partially updated data

● Convergence guaranteed only under certain conditions
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Asynchronous methods: Convergence conditions¹
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The asynchronous iteration is defined as

With iteration subsets,                                and delay subsets                                           , the 
conditions necessary for convergence are

Only previous iterations can be used

Use the latest local update

Each component needs to be 
continuously updated

The asynchronous iteration is denoted by

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

¹Chazan and Miranker, Chaotic relaxation
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Asynchronous methods: Probabilistic model
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The asynchronous iteration is defined by                         , as defined before can be modeled with a 
probabilistic model. Let         be the latest local update and                    be some probability 
distribution where the delays are sampled from.                           , therefore gives us iteration from 
which we incorporate information. The probabilistic model samples the delays,                            , 
subject to the conditions,

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous methods: Probability distributions
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Aim to model realistic systems

● Exponential: High probability of no delays

● Normal: Delays distributed around the 

mean.
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Asynchronous methods: Empirical estimation
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Linear fit on the residual, and convergence 

rate given by the slope of the fit.

● Assuming linear convergence, number of 

iterations for convergence

● Therefore, 
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Asynchronous Richardson: Problem
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Laplace 2D problem

● Symmetric and positive definite matrix

● On a 5 x 5 grid, 25 degrees of freedom
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Asynchronous Richardson: Random sampling algorithm
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Richardson: Exponential distribution
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Offset iteration: 40 Mean delay: 0.5

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Richardson: Half-normal distribution
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Variance : 0.098 Location parameter: a = 0.5

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Richardson: Relaxation parameter
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Schwarz: Definition¹
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The asynchronous iteration is defined as

With iteration subsets,                                and delay subsets                                           , and

With the splittings                                                      , and the weighting matrices 

The asynchronous iteration is denoted by                                  is called the asynchronous 
Schwarz method.

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

¹Frommer and Szyld
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Asynchronous Two-level Schwarz: Definition¹
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

¹Szyld et.al

A coarse level enables robustness for domain decomposition methods, enhancing the exchange 
of global information. We emulate the action of a global coarse matrix,         , and incorporate it 
into the solution as shown below

Coarse correction
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Asynchronous Richardson: Problem
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Laplace 2D problem

● Symmetric and positive definite matrix

● On a 8 x 8 grid, 64 degrees of freedom
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Asynchronous Schwarz: Two-level probabilistic model
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Schwarz: Probabilistic model, coarse correct
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No coarse Additive coarse, Multiplicative coarse

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Schwarz: Probabilistic model, delay
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Small mean delay Large mean delay  

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Schwarz: Probabilistic model, coarse freq
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Asynchronous Schwarz: Probabilistic model, coarse levels

23

1 coarse level 2 coarse levels

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        
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Summary and future work
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Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        

● Asynchronous methods can be modeled with a probabilistic approach

● Effects of delays can be controlled to balance between convergence and robustness

● Extending these methods to faster converging methods such as Krylov methods can be 

very interesting.

● Utilizing probabilistic linear solvers¹ within this framework could allow to bundle in 

uncertainty within the solution and the system instabilities. 

¹Hennig et.al, Probabilistic linear solvers
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Asynchronous methods: Richardson convergence¹
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The asynchronous iteration is defined by                           with an iteration matrix T,  
converges if

Similarly the Richardson iteration with                           ,                                       , 
                      ,                                            converges if 

¹Chazan and Miranker, Chaotic relaxation

Outline  ·  Motivation  ·  Model  ·  Analysis  ·  Summary        


